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Abstract

The advection-diffusion equation governs numerous transport phenom-
ena, encompassing heat, mass, and momentum transfer in physical and
engineering systems. This study examines a three-equation system of
advection-diffusion partial differential equations , representing an axial
dispersion process with reaction kinetics. The system is solved using
the MATLAB pdepe function, involving Danckwerts-Dirichlet-Neumann
boundary conditions to ensure physical realism. The numerical solu-
tion provides insights into species concentration evolution over time and
space. The results are visualized using contour and mesh plots, highlight-
ing important transport mechanisms and reaction-diffusion interactions.
This work contributes to the computational modeling of multi-component
transport systems, which are essential in chemical engineering, environ-
mental studies, and biomedical applications.

1 Introduction

The convection–diffusion equation is a parabolic partial differential equation
that combines the diffusion and convection, also referred to as advection equa-
tions. It describes physical phenomena where particles, energy, or other physical
quantities are transferred inside a physical system due to two processes: diffu-
sion and convection [1]. Generally, the same equation can be called the advec-
tion–diffusion equation, drift–diffusion equation, or scalar transport equation.
The general form of Advection-Diffusion equation in conservative form is given
as:

∂c

∂t
= ∇.(D∇c− vc) +R (1)

Where

• c is the variable of interest (species concentration for mass transfer, tem-
perature for heat transfer)

• D is the diffusivity (also called diffusion coefficient), such as mass diffu-
sivity for particle motion or thermal diffusivity for heat transport
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• v is the velocity field that the quantity is moving with. It is a function of
time and space. For example, in advection, c might be the concentration
of salt in a river, and then v would be the velocity of the water flow
as a function of time and location. Another example, c might be the
concentration of small bubbles in a calm lake, and then v would be the
velocity of bubbles rising towards the surface by buoyancy (see below)
depending on time and location of the bubble. For multiphase flows and
flows in porous media, v is the (hypothetical) superficial velocity.

• R describes sources or sinks of the quantity c, i.e. the creation or destruc-
tion of the quantity. For example, for a chemical species, R R > 0 0 means
that a chemical reaction is creating more of the species, and R < 0 means
that a chemical reaction is destroying the species. For heat transport,
R > 0 might occur if thermal energy is being generated by friction.

• ∇ represents gradient and ∇. represents divergence. In this equation, ∇c
represents concentration gradient [2, 3].

2 Three-Equation Advection-Diffusion Equation
System (Axial Dispersion)

The system of equations can be written as:

∂CA

∂t
= DA

∂2CA

∂x2
− U

∂CA

∂x
− k1CA (2)

∂CB

∂t
= DB

∂2CB

∂x2
− U

∂CB

∂x
+ k1CA − k2CB (3)

∂CC

∂t
= DC

∂2CB

∂x2
− U

∂CC

∂x
+ k2CB (4)

By the application of Danckwerts-Dirichlet-Neumann Boundary Conditions:
The initial conditions are:

t = 0;x = x; c = 0 (5)

Boundary conditions at x=0 can be written as:

CA(1) = CAin +
DA

U
(
∂CA

∂x
)x=0;CB(1) = 0;CC(1) = 0 (6)

Boundary conditions for x=L can be written as:

(
∂CA

∂x
)x=L = (

∂CB

∂x
)x=L = (

∂CC

∂x
)x=L = 0 (7)

The reference values to constant terms involved in the expression are given as:
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Table 1: Constant Term Values

D=DA=DB=DC 0.01 m2/min
U 0.01 m2/min
L 0.5 m
k1 0.04 L/min
k2 0.02 L/min

Ca,in 10 mol/L

3 Solution using pdepe MATLAB Library

The general form of pdepe MATLAB equation form is given as:

c(x, t, u,
∂u

∂x
)
∂u

∂t
= x−m ∂

∂x
(xmf(x, t, u,

∂u

∂x
)) + s(x, t, u,

∂u

∂x
) (8)

Here:

c =
∂CA

∂t
,
∂CB

∂t
,
∂CC

∂t

f = DA, DB .DC

s = −U
∂CA

∂t
− k1CA,−U

∂CB

∂t
+ k1CA − k2CB ,−U

∂CC

∂t
+ k2CB

Here, the Danckwerts Boundary Condition is given as:

CA(1) = CAin +
DA

U
(
∂CA

∂x
)x=0 (9)

The Dirichlet Boundary Conditions are given as:

CB(1) = 0;CC(1) = 0 (10)

The Neumann Boundary Conditions are given as:

(
∂CA

∂x
)x=L = (

∂CB

∂x
)x=L = (

∂CC

∂x
)x=L = 0 (11)

1 clc;

2 clear;

3 close all;

4 x=linspace (0 ,0.5 ,101); %Length

5 t=linspace (0 ,100 ,151); %Time in minutes

6 m=0;

7

8 sol=pdepe(m,@pdefun ,@icfun ,@bcfun ,x,t);

9 CA=sol(:,:,1);

10 CB=sol(:,:,2);

11 CC=sol(:,:,3);

12

13 figure (1);

14 imagesc(x,t,CA);
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15 colormap hot;

16 colorbar;

17 grid on

18 title(’Profile for C_A in mol/m^3’);

19 xlabel(’Length (m)’);

20 ylabel(’Time (s)’);

21

22 figure (2);

23 imagesc(x,t,CB);

24 colormap hot;

25 colorbar;

26 grid on

27 title(’Profile for C_B in mol/m^3’);

28 xlabel(’Length (m)’);

29 ylabel(’Time (s)’);

30

31 figure (3);

32 imagesc(x,t,CC);

33 colormap hot;

34 colorbar;

35 grid on

36 title(’Profile for C_C in mol/m^3’);

37 xlabel(’Length (m)’);

38 ylabel(’Time (s)’);

39

40 figure (4);

41 mesh(x,t,CA);

42 colormap hot;

43 colorbar;

44 grid on

45 title(’Profile for C_A in mol/m^3’);

46 xlabel(’Length (m)’);

47 ylabel(’Time (s)’);

48

49 figure (5);

50 mesh(x,t,CB);

51 colormap hot;

52 colorbar;

53 grid on

54 title(’Profile for C_B in mol/m^3’);

55 xlabel(’Length (m)’);

56 ylabel(’Time (s)’);

57

58 figure (6);

59 mesh(x,t,CC);

60 colormap hot;

61 colorbar;

62 grid on

63 title(’Profile for C_C in mol/m^3’);

64 xlabel(’Length (m)’);

65 ylabel(’Time (s)’);

66

67 %Building of functions for PDEs

68 function[c,f,s]= pdefun(x,t,u,dudx)

69 %Input of Data

70 D=0.01;

71 U=0.01;
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72 k1 =0.04;

73 k2 =0.02;

74 CAin =10;

75 c=ones (3,1);

76 f=[D*dudx (1);

77 D*dudx (2);

78 D*dudx (3)];

79

80 s=[-U*dudx (1)-k1*u(1);

81 -U*dudx (2)+k1*u(1)-k2*u(2);

82 -U*dudx (3)+k2*u(2)];

83 end

84 %Function building for Initial Condition

85 function u0=icfun(x)

86 u0=zeros (3,1);

87 end

88 %FUnction building for Boundary Conditions

89 function[p1,q1 ,pr,qr]= bcfun(x1,u1 ,kr,ur,t)

90 CAin =10;

91 D=0.01;

92 U=0.01;

93 p1=[u1(1)-CAin;u1(2);u1(3)];

94 q1=[-D/U;0;0];

95 pr=zeros (3,1);

96 qr=ones (3,1);

97 end

Listing 1: Three-Equation Advection-Diffusion System

(a) Concentration Profile for CA (b) Concentration Profile for CB

Figure 1: Concentration Profile Contours
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(a) Concentration Profile for CC (b) Mesh Profile for CA

Figure 2: Concentration Contour and Mesh Profiles

(a) Mesh Profile for CB (b) Mesh Profile for CC

Figure 3: Mesh Profiles for Concentration Contours

4 Conclusion

The numerical analysis of the multi-species advection-diffusion system provides
valuable insights into the complex interplay of diffusion, convection, and re-
action kinetics. The results demonstrate that species concentrations evolve
dynamically under the influence of axial dispersion and reaction rate param-
eters. The transformation of species CA into CB and CC highlights the impact
of reaction kinetics, where the rate constants k1 and k2 governthe extent and
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speed of conversion. The boundary conditions play a crucial role in shaping
the concentration profiles, with the Danckwerts condition ensuring proper flux
balance at the inlet and the Neumann conditions preventing artificial losses at
the outlet. The MATLAB pdepe solver proves to be an effective computational
tool for capturing spatial and temporal variations, preserving numerical stabil-
ity while resolving steep concentration gradients. The concentration contour
and mesh plots illustrate the transport mechanisms at play, showing the pro-
gressive diffusion of species and their reaction-driven transformations. These
findings have practical implications in fields such as environmental engineering,
where pollutant dispersion must be accurately modeled, and in chemical engi-
neering, where reaction-diffusion systems govern catalytic processes and chro-
matographic separations. While the current model provides a robust framework
for analyzing advection-diffusion systems, future research can explore non-linear
reaction kinetics, variable diffusivity, and multi-phase interactions to extend its
applicability to more complex real-world scenarios.
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